Regularity for certain classes of monomial ideals. 
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Abstract 

We introduce a new class of monomial ideals, called strong Borel type ideals, 
and we compute the Mumford-Castelnouvo regularity for principal strong Borel type 
ideals. Also, we describe the d-fixed ideals generated by powers of variables and we 
' compute their regularity. 
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Introduction. 

Let K be an infinite field, and let S = K[xi, ...,Xn],n > 2 the polynomial ring over 
K. Bayer and Stillman [2J note that a Borel fixed ideal / satisfies the following property 
(/ : xf ) = (/ : (xi, . . . , Xj)°°) for all j = 1, . . . , n. Herzog, Popescu and Vladoiu say that 
a monomial ideal is of Borel type if it fulfill the previous condition. We mention that this 
concept appears also in p?. Definition 1.3] as the so called weakly stable ideal. In fact, 
Herzog, Popescu and Vladoiu notice that a monomial ideal / is of Borel type, if and only 
if for any monomial m G / and for any I < j < i < n, there exists an integer t > such 
that G /, where z/j('u) > is the exponent of Xi in u. (see [7[ Proposition 1.2]). 

This property suggest us to define the so called ideals of strong Borel type (Definition 



00 ! 1.1), or simply, (SBT)-ideals. In the first section, we give the explicit form of a principal 



(SBT)-ideal (Lemma 1.4) and we compute its regularity (Theorem 1.6). 



O 

CNj I Let d : 1 = (io|(ii| ■ ■ ■ be a strictly increasing sequence of positive integers. We say 

^ ' that d is a d-sequence. In it was proved that for any a G N there exists an unique 

. sequence of positive integers ao, oi, . . . , such that: a = ^^^q < at < for 

"Th ! any < t < s. The decomposition a = X]t=o '^t'^t called the d-decomposition of a. In 

\ particular, if dt = we get the p-adic decomposition of a. Let a, 6 G N and consider the 

^ I decompositions a = J2t=o^i^t and b = J2t=o^i^t- We say that a <d b if at < h for any 



< t < s. We say that a monomial ideal / C S" is d-fixed, if for any monomial u G I and 
for any indices l<j<i<n, ift <d i^i{u) then m ■ G / (see [A, Definition 1.4]). 

In [4], it was proved a formula for the regularity of a principal d-fixed ideal , i.e the 
I smallest d-fixed ideal which contains a given monomial m G S". This formula generalize the 
Pardue's formula for the regularity of a principal p-Borel ideal, proved in pQ and [H], and 
later in [7]. In the section 2, we describe the d-fixed ideals generated by powers of variables 
(Proposition 2.2) and we give a formula for their regularity (Corollary 2.8). 

The author owes a special thanks to Assistant Professor Alin Stefan for valuable dis- 
cussions on section 2 of this paper. My thanks goes also to the School of Mathematical 
Sciences, GC University, Lahore, Pakistan for supporting and facilitating this research. 
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Contract CEX05-D11-11/2005 and by the Higher Education Commission of Pakistan. 
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1 Monomial ideals of strong Borel type. 



Let K be an infinite field, and lei S = K[xi, Xn],n > 2 the polynomial ring over K. 

Definition 1.1. We say that a monomial ideal I G S is of strong Borel type (SBT) if for 
any monomial u (z I and for any I < j < i < n, there exists an integer < t < Vi{u) such 
that x^ulx^'C^^^ G /. 

Remark 1.2. Obviously, an ideal of strong Borel type is also an ideal of Borel type, but 
the converse is not true. Take for instance I — (^x'^jx'^) C i^[xi,X2]- 

The sum of two ideals of (SBT) is still an ideal of (SBT). The same is true for an 
intersection or a product of two ideals of (SBT). 

Definition 1.3. Let A G S be a set of monomials. We say that I is the (SBT)-ideal 
generated by A, if I is the smallest, with respect to inclusion, ideal of (SBT) containing A. 
We write I = SBT (A). 

In particular, if A = {u}, where u E S is a monomial, we say that I is the principal 
(SBT)-ideal generated by u, and we write I = SBT{u). 

Lemma 1.4. Let 1 < ii < 12 < ■ ■ ■ < ir ^ n be some integers, ai, . . . , some positive 
integers and u = x"^x"^ ■ ■ ■ x^J G S. Then, the principal (SBT)-ideal generated by u, is: 

r 

I = SBT{u) = JJ(mf where m^ = {xi, . . . , J and mf = {x"^ . . . , x";}. 

q=l 

Proof. Denote /' = ng=i(™g"'')- If is a minimal monomial generator of /', then 
V = x'J^x"^ ■ ■ ■ a^j,'', for some I < jq < iq, where 1 < g < r. Since 

xf xl' xl' 

^oir oil „ai 

and / is of (SBT) it follows that v E I and thus /' C /. For the converse, simply notice 
that /' is itself a (SBT)-ideal. □ 

Remark 1.5. For any monomial ideal I G S, we denote m{I) = max{m{u) : u G G{I)}, 
where G{I) is the set of the minimal generators of I and m{u) = max{i : Xj|M}. Also, if 
M is a graded S -module of finite length, we denote s{M) = max{t : 7^ 0}. 

Let I G S be a Borel type ideal. In it is defined a chains of ideals I = Iq G h G 
■ ■ ■ G Ir = S as follows. We let Iq = I . Suppose le is already defined. If If = S then the 
chain ends. Otherwise, we let ui = m{Ii) and set J^+i = {If : x^). Notice that r < n, since 
n£ > rii+i for all < £ < r . The chain I = Iq G Ii G ■ ■ ■ G Ir = S is called the sequential 
chain of I. ^ Corollary 2.5] states that 

(1) h+i/h = {Jr'/J,)[Xn,+l, . . . , X„], 

for all < £ < r, where Jp G Si = K[xi, . . . ,x„J is the ideal generated by G{U). Also, 
1^ Corollary 2.5] gives a formula for the regularity of I, more precisely, 

(2) reg{I) = max{s{r,^' / Jq), siJ^'/J,), ■ ■ ■ , s( j;^yj,_i)} + 1. 
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Our next goal is to give a formula for the regularity of a principal (SBT)-ideal. In order 
to do it, we will use the previous remark. 

Let 1 < ii < i2 < ■ ■ ■ < ir ^ n he some integers, ai, . . . , some positive integers and 
u = .x"\x"^^ ■ ■ ■ ,x°'' G S. For each l<g<r, l</<g with af < aq and 1 < j < iq, we 
define the numbers: 

^ - h + " ^ ' - , X?^ - E Xi? and X. = maxxj^). 

\q;/-1, otherwise ^ ^ ^ / 

Theorem 1.6. W^it/i t/ie above notations, we have reg{SBT{u)) — maxxg + 1- 

9=1 



Proof. Firstly, we describe the sequential chain of /. Since 1^ := I = YYq=i{T"^q )■, it 
follows that Ir-i := (/r : x°^) = YYqZii'^q'''^) ■ Analogously, we get Iq := {Iq+i : 



J|g^^(m|r'''), for all < g < r. Therefore, the sequential chain of / is, 

I ^ Ir (Z Ir-l (Z ■ ■ ■ G h G Iq ^ S. 

Let Jg be the ideal of Sq = K[xi, . . . ,Xig] generated by G{Iq). for 1 < (/ < r. Denoting 
Sq = s{Jq"'^/Jq), (2) from Remark 1.5 implies reg{I) = max{sq : I < q < r}, so, in order 
to compute the regularity of /, we must determine the numbers Sq. We claim that Sq — Xg- 
First of all, note that Jq — IqHSq and J^"* = Iq-iHSq. Let I < f < q with cc/ < aq and 

w = X]^''^ • • ■x^^'^'^ . Since Xge > de for any l<e<g — Iwe get x^'^^ ■ ■ ■Xq'^l ^ e J*"* = 

J|g~J(m|;"''')5'g, therefore w e J|"*. On the other hand, one can easily see that w ^ Jq, so 
w is a nonzero element in J^"*/ Jq with deg{w) — Xq, thus Sq > Xq- 

In order to prove the converse inequality, we consider a monomial u G J^"* with deg{u) > 
Xg + 1 and we show that u G Jq. Assume by contradiction that u ^ Jg. Since u G 

it follows that u = ■ ■ ■x"''"^ ■ xf^ ■ ■ ■ xf'''. where 1 < jp < ip for 1 < e < o — 1 and 

Ah h A, > Xq - Ee=i "e- Let A = {l,...,iq}\ { ji , . . .Jq-l}. Slucc H ^ Jg and 

a;"^ ■ ■ ■ x'^"-' G J^* it follows A < a. - 1 for all j G A. 

Write {1, . . . , g - 1} = U^^E'j, where Ei = {e^, . . . , e^fej, such that je^fc = Je^ for all 
I < k < ki and fl E'j/ = whenever i i'. With these notations. 



jei jem A. A. 3 ' 

jeA 



Let 1 < f < q such that aj < aq, f3j < aj for all j E A and is the largest integer 
between all the af, with /' satisfying the above conditions. Suppose that there exist some 
1 < i < m and 1 < k < ki such that ae^^ < aq. It follows that f3j^, < aj — ag^^, — 1, 

otherwise u E Jq. One can immediately conclude that ^gZ^ Oe + Yl7=i(^j < Xq'' ■ ^ 
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Example 1.7. Let I e S = K\ Xi,X2^Xs]. From Lemma 1.4 it follows that / = 

SBT{u) = {xl,X2){xl,xl,xl). With the notations of 1.5 and 1.6, we have Ji = (x^,X2) C 
K[xi, X2] and J2 = I. Also, J^"* = K[xi, X2] and = i^ii ^2) ^ ^- Obviously, Xi = Xi^ = 
2-5 = 10, i.e. s(JfVJi) = s{K[xi,X2]/{x\,xl,)) = 10. We have Xs^^ = (6 + 7- 1) + 2- 5 = 23 
and = 3 ■ 6 = 18, therefore X2 = 23 and thus reg{I) = maxjlO, 23} + 1 = 24. 

In the end of this section, we mention the following result, which generalize a result of 
Eisenbud- Reeves- Totaro (see [51 Proposition 12]). 

Proposition 1.8. /<5, Corollary 8] If I is a Borel type ideal, then 

reg{I) = min{e : e > deg{I), I>e is stable}, 

where deg{I) is the maximal degree of a minimal monomial generator of I . 

In particular, this holds for (SBT)-ideals, and thus we get the following corollary. 

Corollary 1.9. With the notations of Theorem 1.5, if I = SBT{u) and e > maxxg + 1 

q=l 

then J>e is stable. 

Remark 1.10. Note also that the regularity of a (SBT)-ideal, I G S , is upper bounded 
by n{deg{I) — 1) + 1, (see |3 Theorem 2.2]). In fact, deg{I) is the maximum degree of a 
minimal generator of I as a (SBT)-ideal! 

2 d-fixed ideals generated by powers of variables. 

Firstly, let fix some notations. Let mi, . . . ,Um € be some monomials. We say that I is 
the d-fixed ideal generated by Mi, . . . , m^, if I is the smallest d-fixed ideal , w.r.t inclusion, 
which contain mi, . . . , m^, and we write / =< >d. In particular, if m = 1, we 

say that / is the principal d-fixed ideal generated hy u = Ui and we write / =< u 

In the case when J is a principal d-fixed ideal , [H Theorem 3.1] gives a formula for the 
Castelnuovo-Mumford regularity of I. Using similar tehniques as in P] , we will compute the 
regularity for d-fixed ideals generated by powers of variables. We recall some results proved 
in [4] which are useful. Let a be a positive integer and let / =< >dC S = K[xi, . . . ,x^. 
Suppose a = J2t=o ^t^t with 7^ 0. Then: 

• I = nt=o("^''^*^)"'' where m = {xi, . . . ,x„} and ml'^l = {xf, . . . [4, 1.6]. 

• Soc{S/I) = {J + I)/I with J = ^,'^o(xi---x„)*-i(m['^*l)"'-ini>t(m['^^')"^ P'. 2.1]. 

• reg{I) = max{e : ((J + /)//)e ^ 0} = + {n - 1)(4 - 1) (see d 3.1]). 

• If e > reg{I) then />e is stable (see [U 3.6] or apply Proposition 1.8, since any rf-fixed 
ideal is of Borel type, see [U 1-11]). 
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Lemma 2.1. If 1 < j < j' < n and a> (3 are positive integers, then < >C< Xj, >. 

Proof. Indeed, using [H 1.7] it is enough to notice that < >C< x", >, since x° e< 
xJ, >. □ 

Our next goal is to give the set of the minimal generators of a d-fixed ideal generated 
by some powers of variables. Using the previous lemma, we had reduced to the next case: 

Proposition 2.2. Let n > 2 and let 1 < ii < 12 < ■ ■ ■ < ir = n he some integers. Let 
ai < a2 < ■ ■ ■ < Oir he some positive integers. Then 

r Q s 

I =< Xl\xl\ . . . , >d= Yl I^'\y^^th I^"^ = E n W^'e^Y', 

71 H 1- 7i < a^, for i < q 

71 H \-Ji <d ctq, for i < q 

71 H 1- 7? = 

where Ue = {xi^„,+i, . . . , Xi J, ni*' = . . . , xJ}, io = and 7e = Y.t=o letdt- 

Proof. Let m^ = {xi, . . . , x,^} for 1 < g < r. Obviously, = m^ \ m^.i for g > 1 and 
mi = 111. Using the simple fact that I is the sum of principal d-fixed ideals generated by 
the d-generators of / together with [H Proposition 1.6] we get: 

r s s 

I = 5^ JJ(mf where = ^a^tc^i 
<j=l t=o t=o 

Denote 5*^ = K[xi, . . . , Xj ] for 1 < g < r. In order to obtain the required formula, we use 
induction on r > 1, the case r = 1 being obvious. Let r > 1 and assume that the assertion 
is true for r — 1, i.e 

/' =< X-, . . . , xf;- >d= £ E n fl(ni''')"" c ^-1- 

71 H 1- 7i < ai, for i < q 

71 H \-Jt<d a.q, for i < q 

71 H h 79 = ttq 

Obviously, / = rS+ < x^"- >d= I'S + ULoi^r'^)''"'- Also, I'S and I' have the same 
set of minimal generators and none of the minimal generators of I'S is in /'•'"•'. But, a 
minimal generator of < x"'' >d is of the form w = Y[t=o 11^=1 a;^'"'^* with < Xtj and 
Yl^=i ^tj — ^rt- Suppose w ^ I'S. In order to complete the proof, we will show that 
w G J'-^-'. Let Vq = YYt^Q Yl]-'=ig-i+i 2^^*^^^' and let Wq = Yll^i Vg. Obvious, w = Vi ■ ■ ■ Vr = Wr- 



Since w ^ I' it follows that Wg ^ /'^''^ for any 1 < g < r — 1. But Wg ^ J*^^-' implies 
(*) J2t=oYl]-'=i ^tjdt < dg, otherwise Wg G< x^^ Sg >d Sr-i C /' and thus w & I', a 

contradiction. We choose ■je = J2t=o '^]^=ie-i+i ^tj^t for 1 < e < r. For 1 < g < r, (*) 
implies 71 H — ■ + 1q < Oig. On the other hand, it is obvious that 71 H — ■ + 7e <d for any 
1 < e < r and 71 + ■ ■ ■ + 7^ = a^- Thus w G /'•'"•' as required. □ 
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Example 2.3. Let d : 1|2|4|12 and let I =< xl,xl^,xl'^ >dC K[xi, . . . ,X5]. We have 
7 = 1 • 1 + 1 • 2 + 1 • 4, 10 = 1 • 2 + 2 • 4, 17 = 1 • 1 + 1 • 4 + 1 • 12. H^e have 

/(I) =< xl >d= {Xi, X2){xl, xl){x'^, xf) . 

In order to compute we need to find all the pairs (71, 72) such that 71 < 7, 71 <d 10 
and 72 = 10 — 7i. We have 4 pairs, namely (0, 10), (2, 8), (4, 6) and (6, 4), thus 

^ — (xj^, 0:2) (a;;^, a;2)a;3 + [xi,X2)x^ + [xi, X2)x^ + (0:3 ). 

In order to compute I^^\ we need to find all (71, 72, 73) such that 71 < 7, 71 + 72 < 10, 
71 <d 17, 71 + 72 <d 17 and 73 = 17 - 71 + 72. // 71 = then, the pair (72, 73) is one of 
the foUowing:{0, 17), (1, 16), (4, 13) or (5, 12). //71 = 1 then, the pair (72,73) is one of the 
following :{f), 16) 0/ (4, 12). //71 = 4 i/ien, the pair (72,73) «s one of the following 13) 0/ 
(1, 12). //71 = 5 i/ien, i/ie j^air (72,73) is (0, 12). T/i'us 

7(^) = (xi,X2)(xtx^)(xf ) + (xtx^)x3(xf ) + {x\,xt){x,,x,){xf,xf) + 
+{xi,X2)xl{xf,xf) + (xi,X2)(x4,a:;5)(^f > ^5^) +3^3(3:^1, 2^5) ^5^) + 

5?/ Proposition 2.2, we ge^ / = /(^^ + /(^^ + I^^\ 

Remark 2.4. For any 1 < q<r and any nonnegative integers 71, ... ,7^ <d ctq such that 
7i + ■ ■ ■ + 7i < ctj, 7i + ■ ■ ■ + 7i <d /or 1 < i < g and 71 + • • ■ + 7^ = we denote 

q s r 

At-n, = nn^^e'^'')^'*-^^^^^*^*^^^ implies ■ I = ^ At-,i,- 

e=l t=0 q=l 7l>-,7g 

Let m— {xi, . . . , Xn) G S be the irrelevant ideal of S. We have: 

n n r n r 

(7 :s m) = ■■ - n((E E At J ■■ - n(E E ^ ^.))- 

j=l J=l 9=1 71, -■,79 J=l 9=1 71, -■,79 

On the other hand, if for some I <p<q then 

J^i,, iAt.,y. •■ ^3) = n n(nr*>)^^*npj['^*](n''*^)^^*-'( E n(^i'*^)"^*)' 
where n^/*^ = (2^»t-i+i' " " " ' " " " ' ^t*) Hp j['^*l(n['^*l)>*-i := 5 i/7pt = 0. Thus 



q^=l^l,...,^\ </» = l7r,-,7,"ni=l 



7^,...,7^' 



where for a given q — q^ , we take the second j^^ sum for 7^,..., 7^ <d cc^ such that 
7i H < ttj; 7i H ^ 7i <d agforl<i< q^ and 7^ H h 7^ = a^. 



Proposition 2.5. Let n > 2 and let 1 < ii < 12 < ■ ■ • < ir = n he some integers. Let 
ai < a2 < ■ ■ ■ < otr be some positive integers. We consider the ideal I = X]g=i ^q> where 
Iq =< x^^ >d- Then, we have: reg{I) < reg{I,) (We will see later in which conditions we 
have equality). 

Proof. From [U Corollary 3.6] it follows that {Iq)>e is stable, if e > reg{Iq) so {Iq)>e is 
stable for e = max{reg{Ii), . . . , reg{Ir)}. Since J>e = X]g=i(-^g)>e and since a sum of stable 
ideals is still a stable ideal, it follows that J>e is stable. Therefore, from [HI Proposition 
12] we get reg{I) < e. On the other hand, if we denote Sg = max{t\ Uqt > 0} for any 
1 < g < r, from [U Theorem 3.1] we get reg{Iq) = aqs^dg^ + {iq — l)(rfs, — 1), thus 
max{reg{Ii), . . . ,reg{Ir)} = reg{Ir). In conclusion, reg{I) < reg{Ir). □ 

Proposition 2.6. With the above notations, for any 1 < q < r we have: 

{Iq : m,) + (/i+- • •+/,) C ■ ■+Ig) : m,) C ■ •+/,) : n^) = {Iq : n,) + (Ji+- ■ ■+Iq). 

Proof. Fix 1 < g < r. The first two inclusions are obvious. In order to prove the last 
equality, it is enough to show that {{Ii + ■ ■ ■ + Iq) : Xj) G {Iq : Xj) + {Ii + ■ ■ ■ + Iq) for 
any xj G n,. Indeed, suppose u G ((/i + ■ ■ ■ + Iq) : Xj), therefore Xj ■ u E Ii + ■ ■ ■ + Iq. If 
Xj ■ u ^ Iq it follows that Xj ■ u E I^ for some e < q. Thus u E le, since Xj does not divide 
any minimal generator of Jg. □ 

Let n > 2 and let 1 < ii < Z2 < ■ ■ ■ < V = be some integers. Let ai < 0^2 < ■ • ■ < 
be some positive integers. We write a, = "^t^QCtqidt. Let Sq = max{t\ Ugt > 0} for any 
I < q < r. Notice that Si < S2 < ■ ■ ■ < Sr- Let I < qi < q2 < ■ ■ ■ < qk = r such that: 

Sl — ■ ■ ■ — Sg-^ < Sq-^^l — ■ ■ ■ — Sg2 < ■ ■ ■ < Sgj. j^ + l — ■ ■ ■ — Sg^. 

For 1 < j < k we define some positive integers Xj as follows. If ig^ — iq^-i > 2 we put 
Xj = {dg — l){ig —ig-^i) + ds„. {c(q s„. — !)• Otherwise, suppose that q = qj and there exists 
a positive integer l</<r — g + 1 such that Sg-i < Sg < ■ ■ ■ < and ig+i-i = iq-i + 1- 

Denote i = ig. We define recursively the numbers Xi+m-i, for 1 < m < I, starting with 
m = L Suppose that we already define Xi+m, Xi+i-i- If aq+m-2,s,+™_2 > ag+m-i,s,+„_i, 

we put Xq+m-i '■= Yl C(q+m-i,tdt — 1 and we switch from m to m — 1. Otherwise, if 

0!-q+m-2,Sq+m.-2 

< ag+m-i,s,+m-i we put 

^g+m — 1 

Xg+m-1 •= {Oig+m-l,Sq + jn-^2 ~ ^g+in-2,Sq + rn-2 ~^ ^) ' '^Sq + rn~2 ~^ ^ ] Ctg+m- l,t C^t ~ 1 

and, if m > 2, we put also Xq+m-2 ■= ag+m-2,s,+„_2 ' " 1- We switch from m to 

m — 2. We continue this procedure until m < 0. 

With these notations, for the ideal / =< . . . ,x"j >d, we have the following 

theorem: 
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Theorem 2.7. max{e : {Soc{S/I))e ^ 0} = Ei=iXi- 

Proof. For each integer 1 < j < A;, we consider the foUowing ideal: 




■ ■ ■%)'^''' ^ ■ Eeig^_i+i(ne \ otherwise. 



Let J = Ji ■ J2 ■ ■ ■ Jk- We claim the following: 
(1) J C (/ : m), (2) G{J) n = and 
(3) max{e\ {Soc{S/I))e ^ 0} = max{e\ ((J + /)//)e ^ 0}. 

Suppose that we proved (1), (2) and (3). (1) and (2) implies max{e\ {{J+I)/I)e 7^ 0} = 
deg{J) := max{deg{u) \ u E G{J)}. On the other hand, it is obvious that deg{J) = Yl^=i Xj 
and thus, by (3), we complete the proof of the theorem. 

In order to prove (1), we pick variable, where g G {1, . . . , r}. Let j is the unique 

integer with the property that q G {qj-i + I, . . . ,qj}. We want to show that Xi ■ J C I. We 
consider two cases. First, we assume ig. —iqj_^ > 2. We claim that XiJj C + - ■ ' + Iqy 

Indeed, for any e G {qj-i + ■ ■ ■Xi^^.)'^'«j~"^(ni '''')"""~"^ C Je, thus 

XiJj C + ■ ■ ■ + /gj, as required. (See the proof of [11 Lema 2.1] for details.) 

Suppose now iq. — iqj-i = 1- Let j' < j, such that if we denote q = qj/, there exists 
an positive integer j — j' + I < I with < Sg < ■ ■ ■ < iq+i-i = iq-i + I and 

hj'+i > h+i-i + 1 when g + / — 1 < r. We prove in fact that Xi ■ Jjf ■ ■ ■ Jj C Ij. Note that 
i = iq+m-i, where m = j - f + 1. Assume m > 2. If ag+m_2,s,+„_2 > ag+m~i,s,+™_2, then 



^ 7 J _ /^•••+"'+— 2.''^,+™-2-l ^S*-,+™-2 + l"«+— ^ . 

because ao+m-2 d — 1 > ao+m-i d ds . , — 1 and therefore 

Now, the above assertion it is obvious. If m = 1 the same trick works, with the only 
difference that the first "=" is replaced by "C". 

If m > 2 and ag+m-2,s,+„_2 < ag+m-i,s,+™_2 then Xi ■ Jq+rn-2Jq+m-i is the ideal 

^g + m — 1 

_ (a,+m_i,3_j^^_2-Oq+m_2,s,_^„_2+l)'^s<,+„_2+ E «g+m-l,trft 

(a^i-i " -x^ ) 

By regroupmg, we see that Xi ■ Jq+rn-2Jq+m-i = {Xi_Y ■ (x^.i 

■^g + m — 1 



^K+™-i..,+,„-2 «.+7.-2..,+„_2+i)'i»,+„.-2^ .^-».+™-2+i ) c as required. If m = 1 

the same trick works, with the only difference that the first " =" is replaced by " C" . 
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In order to prove (2) it is enough to show for any 1 < j < k that G{Ji ■ ■ ■ Jj)nG{Ie) = 
for any e G {qj-i + l,...,qj}, because all of the minimal generators of Ji ■ • • Jj does 
not contain variables Xi with i > ig^. We use induction on 1 < j < A;. If j = 1, then 
G(Ji) n G{Ii) = from ^ Lemma 2.1]. Suppose the assertion is true for j — 1. We must 
consider two cases. 

First, suppose > 2. It follows J,- = (x^^^^^+i ■ ■ ■ ^i^^'^'"^ "^■Eeig.-i+ilne 

Since s^^. ^ < Sg. it follows that Ji ■ ■ ■ Jj_i ■ Jj C (xi, . . . , ^Jj, and it is easy to 

note that none of the minimal generator of the ideal from left is included in some le with 
Qj-i + 1 < e < gj. 

Suppose now ig^ — ig^_^ = 1. Let / < j, such that if we denote q = qji, there exists 
an positive integer j — j' + I < I with Sg-i < Sg < ■ ■ ■ < ig+i-i = ig-i + I and 

hj'+i ^ h+i-i + 1 when q + I — 1 < r. We prove in fact that Xi ■ ■ ■ ■ Jj C Ij. Note that 
i = ig+m-i, where m = j - j' + 1. Assume m > 2. If ag+m-2,s,+^-2 > ag+m-i,s,+™_2, then 

I 1 ■r— s'^g + m — 1 , 

/ ■■■+ag + m-2,ds , o"-*- l^t^s , ^,4-1 <^q + m-l,tat- i- ^ 

Ji---Jj = {Ji--- Jj-2) ■ ■ =^+'"-2+^ ) c 

^ W _1 ^ ■■■+<^q + m-2,ds , o Z^t^s i o + l '^g+m- 1 . t — 1 

^^-^ -x, "^-'^ ), 

and it is easy to see that none of the minimal generators of the last ideals are in Ij. The 
subcase a<j+m-2,s,+„_2 < "9+m-i,s,+,„_2 is similar. Also, the case m = 1. 

In order to prove (3) it is enough to show the "<" inequality, since obviously 
(J + /)// C Soc{S/I). Let u = Xi^ ■ ■ ■x'^"' G (/ : m) be a monomial such that u ^ I. 

k 

We claim that deg{u) < X] Xj- More precisely, we claim the following: 

3=0 

(a) Ei=i,^._j+i A < Xi, for all 1 < j < r such that ig^ - ig^_, > 2, 

(b) For each j with the property that there exists an positive integer l</<r — g+1 
(where q = qj) such that Sg-i < Sg < ■ ■ ■ < ig. - ig._^ > 2 and iq+i-i = iq-i + /, we 

have Ei=r'!' +1 Pi < ELi Xj+m-i- 



Obviously, (a) and (6) implies (3). In order to prove (a), assume that J2i=iq. ^+1 A > Xj^ 
therefore Ei=i, ._,+i A > (4,, - 1)(« -1) + 

^ijSq^dsg ■ It follows that we can write 



d I d d 

Uj = ■ w, with w G {Xi^''^ . . . ,x^J^ Y'^j'ij ^ for some i G {a;ig^_^+i, . . . , Xi^, }, and 



thus Mj G , a contradiction. Consider now the case (b) and assume that Eiii,^^' +i A > 

EL=i Xj+m-i- Using similar arguments as in the case (a), we get Uj G /g^, a contradiction. 

□ 

Corollary 2.8. With the previous notations, reg{I) = Ej=i Xfc + 1- 

Proof. Since / is an artinian ideal, reg{I) = max{e : Soc{S/I)e 7^ 0} + 1 so the required 
result follows immediately from the previous theorem. □ 
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Remark 2.9. We already seen that reg{I) < reg{Ir). Now, we are able to say when we 
have equality, and this is only in the case when k = 1, i.e. Si = S2 = ■ ■ ■ = Sr- Indeed, if 
k = 1, by 3.1], reg{Ir) = (4, - l)(r2 - 1) + 4,(ars, - 1) + 1 = Xi + 1- Conversely, if 

k> I then xi H h Xfc < reg{Ir), because Xj < {dsr - - hj-i) + 4,(ars, - 1) for 

any j < k. 

Example 2.10. 1. Let d : 1\2\6\12 and I =< xl,xl^,xl'^ >dC K[xi, ... ,xr,]. We have 
/c = 2, xi = 15 and X2 = 22. Therefore, reg{I) = 27. An element of maximal degree 
in Soc{S/I) is x^x^x^xl^xl^ . 

2. Let d : 1|4|12 and I =< xl,xl,xf >dC K[xi,X2,X3]. We have k = 3. Since 2 = 2-1, 
7 = 3 ■ 1 + 1 ■ 4 and 16 = 1 ■ 4 + 1 ■ 12, we get xi = 1, X2 = 3 and xs = 19. Therefore, 
reg{I) = 23. An element of maximal degree in Soc{S/I) is Xix^xl^ . 
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